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Abst ract - - In  this paper, we propose an algorithm to find elements of cycles of various lengths in 
an incomplete directed graph. The proposed algorithm is classified into two cases. We find the cycles 
of even length and odd length, respectively. In order to find cycles, we need the vertex matrix V 
corresponding to the directed graph. To find cycles of even length 2m(m -- 2, 3,.. .  ), we use V 
and V m. To find cycles of odd length 2m - l(m = 2,3,. . .) ,  we use V, V m- l ,  and V m. Then we 
give two kinds of exarnples to illustrate the usefulness ofthe proposed algorithm. One is a binary AHP 
(Analytic Hierarchy Process) and another is a Petri Net. In binary AHP, we apply our algorithm to 
measure consistency for incomplete comparison case and suggest misjudgments. In Petri Nets, we 
have T-invariant sets as byproducts of finding even lengths of cycles from an incidence matrix. 
Keywords--Directed graph, Cycle, AHP, Petri Nets. 
1. INTRODUCTION 
In this paper,  we propose an a lgor i thm to find elements of cycles of various lengths in incomplete 
directed graph. The proposed algor i thm is classified into two cases. We find the cycles of even 
length and odd length, respectively. In order to find cycles, we need n x n vertex matr ix  V ,  where 
n is the number of vertices, corresponding to the directed graph whose (i, j )  e lement V( i ,  j )  is 
determined as follows: if any two points, i and j ,  are connected by an arrow, namely  "i --, j " ,  
then V( i , j )  = 1, otherwise V( i , j )  = 0. To find cycles of even length 2m (m = 2 ,3 , . . . ) ,  we 
use V and V m. To find cycles of odd length 2m - 1 (m = 2 ,3 , . . . ) ,  we use V ,  V m- l ,  and V m. 
Then we give two kinds of examples to i l lustrate the usefulness of the proposed algor ithm. One 
is a b inary  AHP (Analyt ic  Hierarchy Process [1]) and another is a Petr i  Net. 
In b inary  AHP,  we apply  our a lgor i thm to measure consistency for incomplete compar ison case. 
In b inary  AHP,  the result of pairwise comparison is represented by 0 or 1/0, where 0 is a parameter  
whose value is greater than 1. If a l ternat ive i is more important  han j (i = 1 ~ n, j = 1 ~ n), 
we have aij = 0 and aj~ = 1/0, where aij is an element of a comparison matr ix  A .  In general,  
for complete information case, a consistency is measured by 
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CI (Consistency Index) = Amax - n 
n - 1 ' (1) 
where Am~ is the maximum eigenvalue of corresponding comparison matrix A. 
For incomplete comparison case, which includes unknown pairwise comparisons, there are 
various methods to calculate weights, for example, the Harker method, the two-stage method 
and so on [2]. However, for incomplete case, methods to calculate consistency directly have never 
been known. By our algorithm, we can measure inconsistency by the number of cycles in the 
graph corresponding to the comparison matrix [3]. So it is possible to measure consistency by 
finding cycles for incomplete comparison case. 
In Petri Nets, we apply our algorithm to find T-invariant sets. The invariant analysis of Petri 
Nets is important to consider structural properties of the model [4]. 
Let Pi (i = 1 ~ m) be places and tj (j = 1 ~ n) be transitions and N be corresponding 
incidence matrix, whose (i, j )  element N(pi, tj) is as follows. 
I fpi  E O(tj) and p~ ~ I(tj), then N(pi,t j)  = 1. 
Ifp~ ¢ O(t j )  andp~ E I(tj), then N(pi,t j) = -1. 
Otherwise N(p~, tj) = 0, where I is the input function and O is the output function. 
A vector Y, satisfying N. yT  = 0, is called a T-invariant set, where yV  means the transposed 
vector of Y. There are various methods to find T-invariant sets based on N x (see [5,6]), where 
N v means the transposed matrix of N. We have T-invariant sets as byproducts of finding even 
lengths of cycles from incidence matrix. 
In this paper, we describe how to find cycles of even length 2m (m = 2, 3, . . .  ) in Section 2 and 
odd length 2m - 1 (m = 2, 3, . . .  ) in Section 3. In Sections 4 and 5, we also illustrate applications 
of the proposed algorithm to binary AHP and Petri Nets, respectively. Finally, we conclude this 
investigation i Section 6. 
2. F INDING ELEMENTS CONSISTING OF 
EVEN LENGTH CYCLE 
Let us discuss the method to find cycles of even length 2m (m = 2, 3, . . .  ) of n elements using V 
and V m. Let the form of cycle of length 2m be (io Q . . . i ra -1  jo j l . . . j rn -X) .  For example, for 
length 8 (m = 4), we have the form (i0 il i2 i3 j0 j l  j2 J3) which is shown Figure 1. 
• 
13 Jl / \ 
is jz 
\ / 
 .-j3 
lo 
Figure 1. Forming cycle of length 8. 
In Figure I, there is a path of length 4, "io --* ii --* i2 --* i3 --* jo", starting at io and ending 
at j0, so we have V4(i0,J0) > 0 "(see [3]), and similarly we have V4(j0,i0) > 0 by the path 
"j0 ~ j l  ~ j2 --~ j3 --* i0." Using these relations, it is possible to find cycles of length 8. 
Now we propose an algorithm to find cycles of even length 2m of n elements, to determine ia 
and ja,  c~ = O ~ m - l. 
ALGORITHM FOR FINDING CYCLES OF EVEN LENGTH 2m. 
(2.1) Prepare matrix V and V m. 
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(2.2) Find a pair of numbers io and jo (io < Jo) with Vm(io,jo) > 0 and vm(jo,  io) > 0. 
(If there are no such pairs, there exist no cycles of length 2m.) 
(2.3) For each a = 1 ~ m - 1. 
Find a pair of numbers is (> io) and ja(> io) with V( ia-1,  is) = 1, 
Vm(ic,,jc~) > 0, vm( j~, i~)  > 0, and V( ja - l , j~)  = 1. 
(2.4) Confirm V(im- l , Jo)  = 1 and V( j ,n- l , io)  = 1. 
Repeat (2.2) to (2.4) for all pairs of io, jo (io < Jo). 
3. F INDING ELEMENTS CONSISTING OF ODD LENGTH CYCLE 
Next, we propose an algorithm to find cycles of odd length 2m - 1 (m = 2, 3,. . .  ) of n elements 
using V, V m-l ,  and V m. Let us show the number elements of cycle as follows: (io k jo) is m = 2 
(cycle of length 3), (io j l  k il Jo) is m = 3 (cycle of length 5), (io i2 j l  k il j2 jo) is m -- 4 
(cycle of length 7), (io i2 . . . im-3  jm-2 . . .  J3 Js k il i3. . .  i,n-2 jm-3 . . .  J2 Jo) if m is odd, and 
(io i2 . . . i ,n-2 Jm-3 . . . j3  j l  k il i3 . . . ira-3 j ,n-2. . . J2  Jo) i fm is even. 
For simplicity, we explain the algorithm, a cycle of length 9 (m = 5) of the form (io i2 j3 j l  k il i3 
j2 Jo) which is shown in Figure 2. 
. ~zk - . .~ .  
/ J1  l i  \ 
j3 i3 
/j2 
10 < j0 
Figure 2. Forming cycle of length 9. 
In Figure 2, there is a path of length 4, "io ~ i2 --* j3 --* j l  --* k," starting at io and 
ending at k, so we have V4(io, k) > 0, and we have VS(k, io) > 0, since there is a path of 
length 5 "k --* il --+ i3 --* j2 ~ jo --* io" (see [3]). Similarly, there is a path of length 5, 
"jo --* io --* i2 --* j3 --' j l  --* k", starting at jo and ending at k, so we have V5(jo, k) > 0 and we 
have V4(k, jo) > 0 for the path of length 4 "k --, i1 ~ i3 --, j2 ~ jo." Using these relations, it 
is possible to find cycles of length 9. 
We propose an algorithm to find cycles of odd length 2m - 1 of n elements, to determine k, is 
and ja, c~ = 0 ~ m - 2. 
ALGORITHM FOR FINDING CYCLES OF ODD LENGTH 2m -- 1. 
(3.1) Prepare matrix V, V m-l ,  and V m. 
(3.2) Find a pair of numbers io, k, and jo (io < k, io < j0) with V'n-l( io,  k) > 0, V'n(k, io) > 0, 
V 'n- l (k , jo)  > 0, vm(jo,  k) > 0 and V(jo, io) = 1. 
(If there are no such pairs, there exist no cycles of length 2m - 1.) 
(3.3) Find a pair of numbers i t (> io) and j r (> io) with V'n(io, i l )  > O, 
vm- l ( i l , iO)  > 0, V(k, il) = 1, vm- l ( jo , j l )  > 0, Vm(j l , jo)  > 0, and 
v( j l ,  k) = 1. 
(3.4) For each a = 2 ~ m - 2. 
Find a pair of numbers is (> io) and ja (> io) with V'n(ia_l ,  is) > 0, Vm- l ( /a ,  i s - l )  > 0, 
V( /a-2 , ia)  = 1, V'n - l ( ja_ l , j a )  > O, Vm( ja , ja -1)  > 0, and V( ja , ja -2 )  = 1. 
(3.5) Confirm V(i ,n-2, jm-3) = 1 and V( im-s, j ,n-2)  = 1. 
Repeat (3.2) to (3.5) for all pairs of io, k, jo(io < k, io < Jo). 
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4. TO MEASURE CONSISTENCY FOR INCOMPLETE 
COMPARISON CASE IN BINARY AHP 
First we apply our algorithm to measure consistency for incomplete comparison case in bi- 
nary AHP. 
In general, for complete comparison case, we measure consistency by CI defined in (1). However, 
there are no such criterions of consistency for incomplete comparison case. Hence, we intended to 
measure consistency, in such case, based on information of cycles directed graph corresponding 
to the comparison matrix A. If a value of aij, an element of a comparison matrix A, is equal 
to 0, then we represent it by "i --* j" in the corresponding graph. 
If a triple i,j, k has the relation shown in Figure 3, the corresponding comparison can be said 
consistent. But such a relation as shown in Figure 4 represents inconsistency. Thus, we can 
measure the inconsistency by the number of cycles in the graph corresponding to comparisons in 
binary AHP. 
Figure 3. A consistent case. 
Figure 4. An inconsistent case. 
For complete comparison case, we only have cycles of length 3 (see [3]). However, for incomplete 
comparison case, corresponding to a directed graph often has no cycles of length 3, but has cycles 
of length 4 or more than that. An  example of directed graph for inconsistent case is shown in 
Figure 5. The comparisons between j and l, and i and k, connect dashed line in Figure 5, are 
unknown. 
Figure 5. An example of directed graph in incomplete comparisons. 
In Figure 5, there is no cycle of length 3, but has cycle (i j k l) of length 4. If we estimate 
unknown comparison between i and k to be i --. k, then this forms cycle (i k l) of length 3, and 
on the other hand, we estimate be k --* i, then this forms cycle (i j k) of length 3. Therefore, to 
measure consistency for incomplete case, we should have all cycles, not only length 3, but also 
length 4 to length n, individually. 
Now we illustrate two examples. To verify the usefulness of our proposed algorithm, which 
can find odd cycles and even cycles, we find various lengths of cycles in the directed graph 
corresponding to a given comparison matrix. From the result, we judge consistency ofcomparison 
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matrix. For inconsistent case, we suggest the cause of inconsistent comparisons or misjudgments 
based on information of cycles [3]. 
4.1.  Example  4.1 
The first example, 6x 6 incomplete comparison matrix A, is shown in (2), where the symbol "F]" 
represents unknown comparison. In (2), there are seven unknown comparisons. The directed 
A = 
graph of (2) is shown in Figure 6. 
1 I- 
I ~ D D O ~  
1 1 
1 O?IDDO 
D O D I ~ D  
1 ?DD010 
1 
(2) 
Figure 6. Directed graph of Example 4.1. 
By our proposed algorithm, we have three cycles, (2 3 6), (1 5 4 2), and (1 5 4 2 3 6) in Figure 6. 
Now we shall find cycles length 3 to length 6, respectively. 
First, we try to find the cycles of length 3. In order to find cycle of length 3, we use the 
algorithm for odd cycles, (3.1) to (3.5), where m = 2. The form of cycle of length 3 is (i0 k j0). 
We have V and V 2, as follows: 
V = (3) 
"0 0 0 0 1 
1 0 1 0 0 
0 0 0 0 0 
0 1 0 0 0 
0 0 0 1 0 
1 1 0 0 0 [00010 
1 0 0 0 1 
1 0 0 0 
0 100  
1 0 0 0 
0 1 0 1 
° 
0 
1 
0 ' 
0 
0 0,1 V 2 = (4) 
At the beginning, we have io = 2, k = 3, and jo = 6, satisfying (3.2), since V(2 ,3 )  = 1, 
V2(3,2) = 1, V(3,6) = 1, V2(6,3) = 1, and V(6,2) = 1. Then the cycle of length 3 is (2 3 6). 
There are no other sets, io, k and jo, satisfying (3.2). 
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Next we try to find the cycles of length 4. To find cycles of length 4, using the algorithm for 
even cycles, we need V and V s. The form of cycle of length 4 is (i0 il jo Jl). We have i0 = 1 
and J0 = 4, satisfying (2.2), since V2(1,4) = 1 and V2(4, 1) = 1, and we have il = 5 and Jl = 2, 
satisfying (2.3) of a = 1, since V(1, 5) = 1, V2(5, 2) = 1, V2(2, 5) = 1, and V(4, 2) = 1. Last of 
all, we can confirm (2.4) since V(5, 4) = 1 and V(2, 1) = 1. Then we have cycle of length 4, (1 5 
4 2). There are no other sets, i0, il, j0 and j l ,  satisfying (2.2) to (2.4). 
To find cycles of length 5, we need V, V 2, and V 3, where V 3 is shown below: 
"0 
1 
V3 = 1 
0 0 
1 0 
.0 0 
1 0 0 0 0" 
1 0 1 0 0 
0 1 0 1 0 
0 0 1 1 
1 0 0 0 
0 1 1 1 
(s) 
Using the algorithm for odd cycles where m = 3, we cannot find the sets, io, k, and Jo, 
satisfying (3.2). Then the cycle of length 5 is nothing. 
Finally, we try to find the cycles of length 6. To find cycles of length 6, using the algorithm 
to find even cycles where m = 3, and we need V and V 3. The form of cycle of length 6 is 
(i0 il i2 jo j l  j2). We have io = 1 and J0 = 2, satisfying (2.2), since V3(1, 2) = 1 and V3(2, 1) = 1. 
We have il = 5 and j l  = 3, satisfying (2.3) of ~ = 1, since V(1, 5) = 1, V3(5, 3) = 1, V3(3, 5) = 1, 
and V(2,3) = 1. We havei2 = 4 and j2 =6, satisfying (2.3) o fa  = 2, since V(5,4) = 1, 
V3(4,6) -- 1, Vs(6,4) = 1, and V(3,6) = 1. Last of all, we can confirm (2.4) since V(4,2) = 1 
and V(6, 1) = 1. Then we have cycle of length 6, (1 5 4 2 3 6). There are no other sets, 
io, il, i2, j0, j l  and j2, satisfying (2.2) to (2.4). 
Applying the proposed algorithm, as a result, we judge Example 4.1 to be inconsistent, since 
Figure 6 is a cyclic graph and we have three cycles, (2 3 6), (1 5 4 2), and (1 5 4 2 3 6). 
To suggest a cause of inconsistency, we apply an algorithm for extinguishing cycles based on 
minimum covering sets (see [3]). We have the cycle-arc incidence matrix in Table 1. 
Table 1. Cycle-arc incidence matrix for Example 4.1. 
Cycle \ Arc (1,2) (i,5) (1,6) (2,3) (2,4) (2,6) (3,6) (4,5) 
(23 o) 
(1542) 
(154236) 
0 0 0 1 0 1 1 0 
1 1 0 0 1 0 0 1 
0 1 1 1 1 0 1 1 
The corresponding bipartite graph is shown in Figure 7. 
( 15 4 2 ) ~ ( 2 , 3 )  
~ ( 2 , 4 )  
( I 5 4 2 3 6 )~- - - - - -~(3 ,6 )  
~(4,  5) 
Figure 7. Bipartite graph for Example 4.1. 
From Table I and Figure 7, we cannot find any arc which covers all cycles. Then it is impossible 
to eliminate all cycles by one correction. There are several pairs of arcs which cover all cycles, 
say, (1,5), (2,3), or (1,2), (2,3). We need two corrections to eliminate all cycles. For example, 
if we reverse the direction of the arcs (1,5) and (2,3), then all cycles are eliminated. In other 
words, we can suggest that if we correct A(1,5) and A(2, 3), then comparison matrix A will be 
consistent. 
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4.2. Example  4.2 
The next example, 12 x 12 incomplete comparison matrix A, is shown in (6). 
24 unknown comparisons. The directed graph of (6) is shown in Figure 8. 
A ___ 
1 1 1 0 [] [] 9 0 8 ~ O" 1 [] 0 
1 1 1 1 i i 
D 1 0 0 0 0 ~ Q ~ D 0 ~ 
1 1 
O O 1 ~ D O O O ? D D m 
O O O 1 D O O D O D e Q 
1 1 1 1 
1 1 1 
I 1 O 1 D D ~ 0 O 0 
[] [] 0 0 
1 1 1 1 1 
[] 0 [] 1 0 [] [] 
0 0 0 0 0 
1 1 1 
1 
[] 0 0 ~ [] 0 0 [] 1 [] 0 0 
1 1 1 1 1 1 1 
D D D O 0 O 0 [] 1 0 O 
1 1 1 o  O DODO 0 1D 
1 1 1 0 [] 1 
0 [] [] 0 0 [] 0 0 
There are 
(6) 
Figure 8. Directed graph of Example 4.2. 
To see Figure 8, a complicated graph, it seems difficult to find all cycles of various lengths. 
However, applying the proposed algorithm we can easily determine these cycles. In the same way 
in Example 4.1, we can find the cycles of length 3 to length 6. Here we shall find one of the cycles 
of length 7 to length 12. 
First, we try to find one of the cycles of length 7. In order to find the cycle of length 7, we use 
the algorithm for odd cycles where m = 4. The form of cycle of length 7 is (io i2 j l  k il j2 j0). 
40 
We have V, V s, and V 4, as 
"0 
0 
1 
1 
0 
0 
V= 
0 
0 
0 
0 
1 
.0 
"0 
0 
1 
3 
1 
V3 = 0 
1 
0 
1 
0 
0 
1 
"2 
0 
1 
3 
1 
V4 = 1 
0 
3 
3 
0 
0 
1 
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follows: 
0 0 0 1 0 0 1 0 1 0 1 
0 0 0 0 0 0 0 0 0 1 0 
1 0 0 0 1 1 1 0 0 0 0 
1 1 0 0 1 1 0 1 0 1 0 
1 0 0 0 0 1 0 0 1 0 0 
0 0 0 1 0 0 0 0 1 0 0 
1 0 0 0 0 0 0 0 1 0 0 
0 0 0 1 0 1 0 0 1 0 1 
1 1 0 0 1 1 0 0 0 1 1 
0 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 1 0 1 0 1 0 0 
1 0 0 1 1 0 0 0 1 0 0. 
5 0 0 2 1 2 0 0 6 2 
0 0 0 3 0 1 1 0 3 0 
6 0 0 3 3 4 1 0 8 1 
7 0 0 10 5 6 5 0 16 3 
0 0 0 0 1 0 1 0 1 1 
1 0 0 0 0 0 0 0 1 1 
0 0 0 0 1 0 1 0 1 0 
2 0 0 1 0 1 0 0 3 3 
3 0 0 7 1 4 3 0 11 3 
0 0 0 0 0 0 0 0 0 0 
6 0 0 3 2 4 0 0 7 0 
2 0 0 0 1 1 1 0 3 1 
4 0 0 1 2 2 2 0 7 
6 0 0 3 2 4 0 0 7 
8 0 0 6 2 4 2 0 14 
21 0 0 18 8 15 6 0 37 
0 0 0 3 1 1 2 0 4 
0 0 0 0 1 0 1 0 1 
0 0 0 3 0 1 1 0 3 
2 0 0 0 3 1 30  5 
15 0 0 9 7 10 4 0 23 
0 0 0 0 0 0 0 0 0 
8 0 0 3 1 3 0 0 10 
1 0 0 3 1 1 2 0 5 
O. 
2 
1 
5 
0 
0 
0 ' 
0 
4 
0 
1 
0. 
5 0" 
0 1 
6 2 
7 8 
0 2 
1 0 
0 2 
2 0 
3 4 
0 0 
6 0 
2 2 
(8) 
(9) 
Applying the proposed algorithm, we have io = 1, k = 5, and jo = 11, satisfying (3.2), since 
V3(1,5) =2,  V4(5,1) = 1, VS(5,11) = 1, V4(11,5) =3,  andV( l l ,1 )  = 1. We have i l  =7  
and j l  -- 6, satisfying (3.3), since V4(1,7) = 2, V3(7,1) = 1, V(5,7) = 1, V3(11,6) = 2, 
V4(6, 11) = 1, and V(6, 5) = 1. We have i2 = 12 and j2 = 2, satisfying (3.4) of a = 2, since 
V4(7, 12) = 2, V3(12, 7) = 1, V(1,12) = 1, V3(6, 2) = 1, V4(2, 6) = 2, and V(2,11) = 1. Last 
of all, we can confirm (3.5) since V(12, 6) = 1 and V(7, 2) = 1. Then we have one of the cycles 
of length 7, (1 1265 7211) .  
Second, we try to find one of the cycles of length 8. In order to find cycles of length 8, using 
the algorithm for even cycles where m = 4, then we need V and V 4. The form of cycle of 
length 8 is (io il i2 i3 jo j l  J2 J3). We have io = 1 and Jo = 5, satisfying (2.2), since V4(1, 5) = 1 
and V4(5,1) = 1. We have i l  = 8 and Jl = 7, satisfying (2.3) o fa  = 1, since V(1,8) = 1, 
V4(8, 7) = 1, V4(7, 8) = 1, and V(5, 7) = 1. We have i2 = 12 and j2 = 2, satisfying (2.3) 
o fa  = 2, since V(8,12) = 1, V4(12,2) = 1, V4(2,12) = 1, and V(7,2) = 1. We have is = 6 
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and j3 = 11, satisfying (2.3) of a = 3, since V(12,6) = 1, V4(6,11) = 1, V4(11,6) = 1, 
and V(2, 11) = 1. Last of all, we can confirm (2.4), since V(6, 5) = 1 and V( l l ,  1) = 1. Then we 
have one of the cycles of length 8 (1 8 12 6 5 7 2 11). 
For cycle of length 9, using the algorithm for odd cycles where m = 5, we need V, V 4, and V s, 
where V 5 is shown below: 
V 5 .~ 
'5 3 0 0 6 5 3 7 0 14 4 4" 
0 8 0 0 3 1 3 0 0 10 6 0 
6 12 0 0 7 8 8 7 0 23 8 3 
7 41 0 0 25 15 24 10 0 65 21 9 
0 6 0 0 6 2 5 1 0 10 0 3 
1 0 0 0 3 1 1 2 0 4 0 2 
0 6 0 0 3 2 4 0 0 7 0 1 
2 1 0 0 9 2 3 5 0 12 2 6 
3 23 0 0 18 7 13 6 0 40 15 7 
0 0 0 0 0 0 0 0 0 0 0 0 
6 6 0 0 1 6 3 6 0 13 8 0 
.2 6 0 0 6 4 5 3 0 12 1 3. 
(io) 
Applying the proposed algorithm, the set, i0, k, and j0, such as io = 1, k = 6, and jo = 11, 
satisfying (3.2), is existent but there are no other sets ia and ja where c~ = 1 to 3, satisfying (3.3) 
and (3.4). Then there are no cycles of length 9. 
Similarly for cycle of length 11, odd cycle, we need V, V 5, and V 6, where V 6 is shown below: 
V 6 _-- 
4 13 0 0 21 8 13 9 0 34 3 12" 
6 6 0 0 1 6 3 6 0 13 8 0 
8 18 0 0 24 11 14 14 0 47 12 13 
21 58 0 0 41 30 35 28 0 111 41 17 
0 14 0 0 6 3 7 0 0 17 6 1 
0 6 0 0 6 2 5 1 0 10 0 3 
0 8 0 0 3 1 3 0 0 10 6 0 
2 18 0 0 15 8 14 4 0 29 1 7 
15 38 0 0 23 22 24 18 0 69 23 9 
0 0 0 0 0 0 0 0 0 0 0 0 
8 4 0 0 18 8 7 14 0 30 6 12 
1 14 0 0 12 4 9 3 0 24 6 5. 
(11) 
Applying the same algorithm where m=6, then there are no cycles of length 11. 
For cycle of length 10, using the algorithm for even cycles where m = 5, we need V and V 5. 
The set, i0 and J0, such as i0 = 1 and J0 = 6, satisfying (2.2), is existent but there are no other 
sets ia and ja where c~ = 1 to 4, satisfying (2.3). Then there are no cycles of length 10. 
Similarly for cycle of length 12, using V and V °, and applying the same algorithm where 
m = 6, there are no cycles of length 12. 
The results, cycles of length 3 to length 12 are shown in Table 2. 
As a result, we judge comparison matrix A in Example 4.2 as inconsistent, since Figure 8 is 
a cyclic graph and we have 25 cycles of length 4 to length 8. However in Table 2, note that the 
arc (2,11) covers all cycles. If we reverse the direction of arc (2,11), all cycles are eliminated. 
Then we can suggest hat A(2, 11) may be considered a cause of inconsistency in Example 4.2. 
5. TO F IND T - INVARIANT SETS IN PETRI  NETS 
We apply our algorithm to find T-invariant sets from incidence matrix in Petri Nets. We 
intended to have T-invariant sets as byproducts of finding even lengths of cycles from an incidence 
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Table 2. All cycles of Example 4.2. 
Length Cycles 
3 nothing 
4 (15211) (112211) (21165) 
(21185) (21187) (211812) 
5 (185211) (1125211) (157211) 
(187211) (1812211) (211657) 
(2118125) (211857) 
6 (18125211) (11265211) (1857211) 
(11257211) (21181257) (21181265) 
7 (112657211) (181257211) (181265211) 
(2 11812657) 
8 (1812657211)  
9 ,,* 12 nothing 
matrix N. If the Petri Net model consists ofpi (i = 1 ~ m) places and tj (j = 1 ,~ n) transitions, 
then we have m x n incidence matrix N. There are various methods to have T-invariant sets 
based on N T. 
In order to apply the proposed algorithm, we need a vertex matrix V based on incidence 
matrix N. It is easy to have V by submatrices N1 and N2, as follows: 
V= [ 0nN2 N1 ]0m ' (12) 
where 0i is i x i zero matrix, N1 is n x m matrix and N~ is m x n matrix. The values of elements 
of N1 and N2 are as follows. 
If NT( i , j )  = 1, then NI ( i , j )  = 1, otherwise 0 (i = 1 N n, j = 1 ,,~ m). 
If N( i , j )  = -1 ,  then N2(i , j )  = 1, otherwise 0 (i = 1 ,-, m, j -- 1 ,,~ n). 
Now we illustrate two examples. In both examples, first of all, we have T-invariant sets from 
the ordinary method [5,6], and next we apply our proposed algorithm to find even lengths of 
cycles from matrix V. 
5.1. Example  5.1 
The first example of incidence matrix [5] is shown below. In this case, rn = 5 (Pl "~ Ps) and 
n--~ 5 (tl ~t5)  
tl 
N T : t2 
t3 
t4 
t5 
From the ordinary method [5,6], we 
to Step 4, is as follows. 
Pl P2 P3 P4 P5 
-1  1 1 0 0 
0 -1  0 0 1 
-1  0 0 1 0 
0 0 1 -1  1 
1 0 -1  0 -1  
try to find T-invariant sets of (13). The procedure, Step 1 
(13) 
STEP i. Add 5th-row to 1St-row and 3rd-row, respectively, and eliminate 5thorow. 
-1  1 1 0 0 1 0 0 0 0 
0 -1  0 0 1 0 1 0 0 0 
-1  0 0 1 0 0 0 1 0 0 
0 0 1 -1  1 0 0 0 1 0 
1 0 - i  0 -1  0 0 0 0 1 
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STEP 2. Add iSt-row to 2nd-row and eliminate ISt-row. 
0 1 0 0 -1 1 
0 -i 0 0 1 0 
0 0 -1 1 -1 0 
0 0 1 -1 1 0 
0 0 0 1 
1 0 0 0 
0 1 0 1 
0 0 1 0 
STEP 3. Add 2nd-row to 3rd-row and eliminate 2nd-row. 
0 0 0 0 
0 0 -1  1 
0 0 1 -1 
0 1 
-1  0 
1 0 
1 0 0 1 ] 
0 1 0 1 J . 
0 0 1 0 
STEP 4. Result. 
[ 0 0 0 0 011  1 0 0 1 ] 
0 0 0 0 0 0 0 1 1 1 " 
Then we have two T-invariant sets, Y1 and Y2, as follows: 
Y1=[1  1 0 0 1]--It1 t2 t5] (14) 
Y2=[0  0 1 1 1 ]=[ t3  t4 t5]- (15) 
Next, we apply the proposed algorithm 
V = 
to find cycles from V. The form of V is shown below: 
[.,05 ] N1 ]. N2 05 (16) 
Submatrices N1 and N2 are shown below: 
0 0 0 0 
N1 = 0 0 0 1 , 
010  
000  [ 010 ] 
100 
N2= 0 0 0 . 
0 0 1 
0 0 0 
(17) 
(18) 
In this case, we have 10 x 10 matrix V. The numbers 1 to 5, elements of consisting cycle, 
correspond to tl to t5 and the numbers 6 to 10 correspond to Pl to P5. 
Applying the proposed algorithm to find even cycles of length 4 to length 10, as a result, we 
have four cycles from V. There are one cycle of length 4, (1856) ,  and three cycles of length 6, 
(1721056) ,  (394856) ,  and (3941056) .  Note that a cycle (1856)  represents a path 
tl --* P3 --* t5 --* Pl ~ tl, then we have [tl ts]. Similarly, a cycle (1721056)  represents a 
path tl --* P2 --~ t2 -~ Ps --* t5 --* Pl --* tl, then we have [tl t2 ts]. Thus, we have [t3 t4 ts] from 
cycle (394856)  and (3941056) .  Then we have three sets from these cycles as follows: 
Ci=[ I  0 0 0 l ]=[ t l  t5], (19) 
C2=[I 1 0 0 1]=[tl  t2 $5], (20) 
C3=[0  0 1 1 1 ]=[ t3  t4 ts]. (21) 
The sets, C2 and Cs, coincide with T-invariant sets shown in (14) and (15). Note that the 
set C1 is a forming cycle but N .  C T # 0. We can say that the set of cycles includes the set of 
minimum T-invariant sets. 
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5.2. Example  5.2 
The second example of incidence matrix is shown below. In this case, m = 12 (Pl "~ P12) and 
n = 14 ($1 r~ t14)" 
Pl P~ P3 P4 P5 P6 P7 Ps P9 Pl0 Pl l  P12 
tl -1  1 -1  1 0 0 0 0 0 0 0 0 
t2 1 -1  1 -1  0 0 0 0 0 0 0 0 
t 3 - i  0 0 0 1 0 0 0 0 0 0 0 
t4 I 0 0 0 -1 0 0 0 0 0 0 0 
ts 0 -1  0 -1  0 1 0 0 0 0 0 0 
t6 - i  0 - I  0 0 0 1 1 0 0 0 0 
N T = t7 0 0 0 0 0 0 -1  -1  0 1 0 0 
ts 0 0 -1  0 0 0 0 0 1 0 0 0 
t9 1 0 1 0 0 0 -1  -1  0 0 0 0 
tlo 0 0 0 0 0 0 0 0 -1  0 1 0 
tl l  0 0 1 0 0 0 0 0 0 0 -1  0 
/;12 1 0 1 0 0 0 0 0 0 -1  0 0 
t13 0 0 0 0 0 --1 0 0 0 0 0 1 
t14 1 0 1 0 0 0 0 0 0 0 0 -1  
From the ordinary method, same way in Example 5.1, 
as follows: 
(22) 
we have six T-invariant sets, Y1 to Y6, 
Y1 - - [ t l  t2], 
Y2 = [t3 t4], 
Y3 = [t6 t9], 
Y4=[t8 t7 t12], 
Ys  = [ts tl0 t11], 
Y6=[t l  t5 t13 t14]. 
(23) 
(24) 
(25) 
(26) 
(27) 
(28) 
These are minimum T-invariant sets. Next, we 
from V, as shown below: 
V = [ 014 
t N2 
Submatrices, N1 and N2, are shown below: 
apply the proposed algorithm to find cycles 
N1012 1" (29) 
N 1 ~-~ 
• 0 1 0 1 0 0 0 
1 0 1 0 0 0 0 
0 0 0 0 1 0 0 
1 0 0 0 0 0 0 
0 0 0 0 0 1 0 
0 0 0 0 0 0 1 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
1 0 1 0 0 0 0 
0 0 0 0 0 0 0 
0 0 1 0 0 0 0 
1 0 1 0 0 0 0 
0 0 0 0 0 0 0 
1 0 1 0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
1 0 0 0 
0 0 1 0 
0 1 0 0 
0 0 0 0 
0 0 0 1 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
O . 
0 
0 
0 
0 
0 
0 
0 ' 
0 
0 
0 
0 
1 
0. 
(30) 
Incomplete Directed Graph 
' I 0 1 
0 1 0 
1 0 0 
0 0 0 
0 1 0 
1 0 1 
0 0 0 
N2 = 0 0 1 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
.0 0 0 
In this case, we have 26 x 26 matrix 
elements of consisting cycle, correspond 
to P12. 
0 0 0 0 0 
1 0 0 0 0 
0 0 0 0 0 
0 1 0 0 0 
1 0 0 0 0 
0 0 0 0 0 
0 0 0 1 1 
0 0 0 0 0 
0 0 0 1 1 
0 0 0 0 0 
0 0 0 0 0 
0 0 0 0 0 
0 0 1 0 0 
0 0 0 0 0 
V, constructed 
to tl to t14 and 
0 0 0 0- 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 
1 0 0 0 
0 0 1 0 
0 1 0 0 
0 0 0 0 
0 0 0 1. 
by N1 and N2. 
45 
(31) 
The numbers 1 to 14, 
the numbers 15 to 26 correspond to Pl 
Applying the proposed algorithm, we have 50 cycles. There are nine cycles of length 4, five 
cycles of length 6, 12 cycles of length 8, eight cycles of length 10, eight cycles of length 12 and 
eight cycles of length 14. For example, for cycle of length 4, we have (1 16 2 15). This cycle 
represents a path tl --* p~ -, t2 --* Pl --~ tl. Then we have [t I t2]. 
Thus, we have [tl t2], [t3 t4] and It6 t9] from cycles of length 4, It6 t7 t12] and [ts tlo tll] from 
cycles of length 6, [tl t2 t6 t9] and [tl t5 t13 t14] from cycles of length 8, [tt t2 t6 t7 t12] from 
cycles of length 10, [tl ts t13 t14 t6 t9] from cycles of length 12 and [tl ts t13 t14 t6 t7 t12] from 
cycles of length 14. 
Finally, we have ten sets, C1 to C10, as follows: 
Cl=[tl  t2], 
C2 : [t3 t4 ], 
C3 --- [t6 /;9 ], 
C 4 = [t6 t7 t12], 
C5 :- [~8 tlO i l l  l, 
C6" :  [tl $5 t13 t14], 
CT=[h  t2 t6 t9], 
C8~-~[tl t2 t6 t7 t12], 
C9-~ [~1 t5 $13 t14 $6 
CI0 = [tl t5 t13 t14 t6 
It is clear that the sets, C1, 
in (23)-(28). Note that four sets, C7 . . . .  
iant sets, as follows: 
t9], 
t7 t12] • 
(32) 
(33) 
(34) 
(35) 
(36) 
(37) 
(38) 
(39) 
(40) 
(41) 
C2 . . . .  , C6, coincide with minimum T-invariant sets obtained 
, C10, consist of combinations among minimum T-invar- 
Cz = C1 + C3, (42) 
C8 -- C1 + C4, (43) 
C9 = Cs + Cs, (44) 
Clo = Cs + C4. (45) 
Applying the proposed algorithm, it is useful that we can obtain not only min imum T-invariant 
sets, but also these combined sets. 
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6. CONCLUSION 
In this paper we propose an algorithm to find various lengths of cycles in incomplete directed 
graph. Applying binary AHP and Petri Nets, we can illustrate effectiveness of the proposed 
algorithm. In binary AHP, it is possible to measure consistency for incomplete comparison case, 
and we can suggest inconsistent comparisons before having weights. In Petri Nets, we can obtain 
minimum T-invariant sets and these combinations. However, we need more discussion on finding 
cycles of incidence matrix and the ordinary methods to find T-invariant sets. Our algorithm to 
find cycles, proposed here, can be applicable not only for incomplete directed graph but also for 
complete directed graph in various fields. 
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